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Abstract
In the heavy quark limit of QCD, using the Operator Product Expansion
and the non-forward amplitude, as proposed by Nikolai Uraltsev, we formu-
late sum rules that generalize Bjorken and Uraltsev sum rules. We recover
the Uraltsev lower bound for the slope of the Isgur-Wise (IW) function, that
we generalize to higher derivatives. We show that these results have a clear
interpretation in terms of the Lorentz group, since the IW function is given
by an overlap between the initial and final light clouds, related by Lorentz
transformations. Both the Lorentz group and the Sum Rules approach are
equivalent. Moreover, we formulate an integral representation of the IW func-
tion with a positive measure. Inverting this integral formula, we obtain the
measure in terms of the IW function, allowing to formulate criteria to decide
if a given ansatz for the IW function is compatible or not with the sum rule
constraints. We compare these theoretical constraints to some forms proposed
in the literature.
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1 Introduction
Nikolai Uraltsev made very important contributions to Heavy Quark Effective The-
ory, concerning both the inclusive B → Xcℓν and exclusive processes B → D(D∗)ℓν.
We will be here concerned with his work on exclusive B decays.
In the heavy quark limit [1], Bjorken formulated a Sum Rule (SR) [2] relating the
slope ρ2 = −ξ′(1) of the elastic IW function ξ(w) to the IW functions at zero recoil
for the inelastic transitions changing parity, namely τ
(n)
1/2(w), τ
(n)
3/2(w), corresponding
to transitions of the type 1
2
− → 1
2
+
, 3
2
+
[3]. In the notation of [3], the SR writes
ρ2 =
1
4
+
∑
n
[
|τ (n)1/2(1)|2 + 2|τ (n)3/2(1)|2
]
. (1)
This SR implies the famous Bjorken’s lower bound on the slope
ρ2 ≥ 1
4
. (2)
A decade later, came as a great surprise a new SR formulated by N. Uraltsev [4]
involving the same inelastic IW functions :∑
n
[
|τ (n)3/2(1)|2 − |τ (n)1/2(1)|2
]
=
1
4
. (3)
The combination of both SR (1)(3) implies the much stronger lower bound
ρ2 ≥ 3
4
. (4)
The technique used by Uraltsev to obtain the SR (3) was quite original. He
considered the T -product of two currents away from the forward direction :
i
∫
d4xe−iq.x < B(vf)|T [J(x)J+(0)]|B(vi) >, J = cΓb , (5)
where vi 6= vf , and performed the 1/mQ expansion to obtain the corresponding
Operator Product Expansion (OPE) in the direct channel. In other words, he con-
sidered non-forward transitions of the type B(vi)→ D(n)(v′)→ B(vf), with vi 6= vf
and v′ being the intermediate hadron four-velocity.
By the way, the bound (4) was obtained earlier in a class of quark models [5]
that yield covariant current matrix elements in the heavy quark limit [6]. Later on
we did realize that this was the case because, in the heavy quark limit, this class of
models satisfy Isgur-Wise scaling and also both Bjorken and Uraltsev SR [7, 8].
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Other important results in this field were obtained by N. Uraltsev, in particular
the study of the limit in which the elastic slope reaches its lower limit :
ρ2 → 3
4
, (6)
called by Uraltsev BPS limit [9], on which we will come back below.
Our contribution to this topic began by trying to understand Uraltsev’s results
and generalize them to higher derivatives of the IW function ξ(w).
2 Non-forward direction Sum Rules in the heavy
quark limit
Proceeding like N. Uraltsev, we did consider the non-forward amplitude (5) in a
covariant way, and obtained SR that have the general concise form [10]
LHadrons(wi, wf , wif) = ROPE(wi, wf , wif) , (7)
where
wi = vi.v
′ , wf = vf .v
′ , wif = vi.vf , (8)
i.e. the consideration of the non-forward amplitude means to extend the OPE
formula to wif 6= 1, while Bjorken’s SR was obtained for wif = 1.
The l.h.s. of the SR (7) LHadrons(wi, wf , wif) represents the sum over the inter-
mediate D(n)(v′) states while the r.h.s ROPE(wi, wf , wif) corresponds to the OPE
counterpart.
The domain of the variables (8) is as follows
wi ≥ 1, wf ≥ 1 ,
wiwf −
√
(w2i − 1)(w2f − 1) ≤ wif ≤ wiwf +
√
(w2i − 1)(w2f − 1) , (9)
and there is the sub-domain:
wi = wf = w ,
w ≥ 1 , 1 ≤ wif ≤ 2w2 − 1 . (10)
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We make somewhat more explicit the SR (7) considering currents of the form
(Γi, Γf are Dirac matrices)
hv′Γihvi , hvfΓfhv′ , (11)
and one gets :∑
D(n)
< Bf (vf)|Γf |D(n)(v′) >< D(n)(v′)|Γi|Bi(vi) > ξ(n)(wi)ξ(n)(wf)
+ Other excited states = −2ξ(wif) < Bf (vf)|ΓfP ′+Γi|Bi(vi) > , (12)
where the ground state 1
2
−
and its radial excitations, together with their IW func-
tions ξ(w), ξ(n)(w) (n 6= 0) are made explicit and P ′+ =
1 + /v′
2
is the positive energy
projector over the intermediate heavy quark c.
3 Generalized Isgur-Wise functions and general-
ized Sum Rules
We now consider higher excited states with a light cloud angular momentum j and
spin J and transitions between the B, pseudoscalar ground state with (jP , JP ) =(
1
2
−
, 0−
)
to the whole tower of excited states [11] D(n) with (jP , JP ), J = j± 1
2
, j =
L± 1
2
, P = (−1)L+1. One gets two independent Sum Rules.
Choosing for example
Γi = /vi , Γf = /vf , (13)
gives the V ector Sum Rule :
(w + 1)2
∑
L≥0
L+ 1
2L+ 1
SL(w,wif)
∑
n
[
τ
(L)(n)
L+1/2(w)
]2
+
∑
L≥1
SL(w,wif)
∑
n
[
τ
(L)(n)
L−1/2(w)
]2
= (1 + 2w + wif) ξ(wif) , (14)
while choosing
Γi = /viγ5 , Γf = /vfγ5 , (15)
one obtains the Axial Sum Rule :∑
L≥0
SL+1(w,wif)
∑
n
[
τ
(L)(n)
L+1/2(w)
]2
+ (w−1)2
∑
L≥1
L
2L− 1SL−1(w,wif)
∑
n
[
τ
(L)(n)
L−1/2(w)
]2
4
= − (1− 2w + wif) ξ(wif) , (16)
where τ
(L)(n)
L±1/2(w) are the IW functions corresponding to the transitions
1
2
− → (L± 1
2
)P
, P =
(−1)L+1, the function SL(w,wif) is a Legendre polynomial [10] :
SL(w,wif) =
∑
0≤k≤L/2
CL,k
(
w2 − 1)2k (w2 − wif)L−2k , (17)
and the coefficient CL,k is given by :
CL,k = (−1)k (L!)
2
(2L)!
(2L− 2k)!
k!(L− k)!(L− 2k)! . (18)
The function (17) is defined as
SL(wi, wf , wif) = vfν1...vfνLT
vfν1 ...vfνL ,viµ1 ...viµLviµ1 ...viµL , (19)
for wi = wf = w. The object T
vfν1 ...vfνL ,viµ1 ...viµL is the projector on the polarization
tensor of integer spin L :
T vfν1 ...vfνL ,viµ1 ...viµL =
∑
λ
ǫ′(λ)∗ν1...νLǫ′(λ)µ1 ...µL , (20)
and depends on the intermediate velocity v′. The polarization tensor ǫ′(λ)µ1...µL is
symmetric, traceless and transverse, gµiµjǫ
′(λ)µ1...µL = v′µiǫ
′(λ)µ1...µL = 0. Although
(20) is explicitly very complicated, its contraction (19) can be computed following
the method exposed in ref [10].
Equations (14) and (16) are two independent SR of the general form (7). Dif-
ferentiating these Sum Rules within the domain (10) and going to the corner of the
domain wif → 1, w→ 1[
dp+q(LHadrons − ROPE)
dwpifdw
q
]
wif=w=1
= 0 , (21)
one gets a whole tower of sum rules.
At zero recoil, summing the Vector and the Axial SR one finds
ξ(L)(1) =
1
4
(−1)LL!
∑
n
[
L+ 1
2L+ 1
4[τ
(L)(n)
L+1/2(1)]
2 + [τ
(L−1)(n)
L−1/2 (1)]
2 + [τ
(L)(n)
L−1/2(1)
]2
, (22)
that is a generalization of Bjorken SR (1), that corresponds to L = 1.
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On the other hand, combining also the Axial SR and (22) one gets∑
n
[
L
2L+ 1
[τ
(L)(n)
L+1/2(1)]
2 − 1
4
[τ
(L)(n)
L−1/2(1)]
2
]
=
∑
n
1
4
[τ
(L−1)(n)
L−1/2 (1)]
2 , (23)
the generalization of Uraltsev SR (3), that is obtained for L = 1.
From these SR one finds strong constraints on the derivatives of ξ(w). In par-
ticular, one finds
(−1)Lξ(L)(1) ≥ (2L+ 1)!!
22L
, (24)
that reduces to the bound (4) for L = 1, and generalizes it for all L.
From careful examination of the several equations obtained from (14) and (16)
one obtains the improved bound on the curvature in terms of the slope [12] :
ξ′′(1) ≥ 1
5
[
4ρ2 + 3(ρ2)2
]
. (25)
The QCD radiative corrections to this relation have been carefully studied by M.
Dorsten [13].
4 The BPS limit of HQET
Uraltsev [9] made a very interesting observation by the consideration of the matrix
elements of dimension 5 operators in HQET, the kinetic operator and the chromo-
magnetic operator :
µ2π = −
1
2mB
< B|hv(iD)2hv|B > , (26)
µ2G =
1
2mB
< B|gs
2
hvσαβG
αβhv|B > . (27)
These matrix elements are given in terms of 1
2
− → 1
2
+
, 3
2
+
IW functions τ
(n)
j and
level spacings ∆E
(n)
j , as obtained from the OPE by I. Bigi, M. Shifman, N. Uraltsev
and A. Vainshtein [14] :
µ2π = 6
∑
n
[∆E
(n)
3/2]
2[τ
(n)
3/2(1)]
2 + 3
∑
n
[∆E
(n)
1/2]
2[τ
(n)
1/2(1)]
2 , (28)
µ2G = 6
∑
n
[∆E
(n)
3/2]
2[τ
(n)
3/2(1)]
2 − 6
∑
n
[∆E
(n)
1/2]
2[τ
(n)
1/2(1)]
2 . (29)
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These expressions imply the inequality µ2π ≥ µ2G. From the fit to the inclusive
semileptonic decay rate one gets µ2π
∼= 0.40 GeV2, while from the meson hyperfine
splitting one obtains µ2G
∼= 0.35 GeV2.
From these numerical values, N. Uraltsev [9] assumed the following limit
µ2π = µ
2
G → τ (n)1/2(1) = 0 , (30)
that he called BPS limit of HQET. N. Uraltsev made the observation that, in this
limit, the slope of the elastic IW function ξ(w) reaches its lower bound (6) ρ2 → 3
4
,
as can be seen easily from the SR written above and using (30).
Generalizing Uraltsev’s arguments we did found the condition on the curvature
[15]
τ
(2)(n)
3/2 (1) = 0 → ξ”(1) =
15
16
. (31)
Moreover, using the whole tower of SR formulated above we did demonstrated
by induction that in the BPS limit one obtains [15]
τ
(L)(n)
L−1/2(1) = 0 → (−1)Lξ(L)(1) =
(2L+ 1)!!
22L
. (32)
Assuming reasonable continuity regularities this implies the following explicit
expression for the elastic IW function in the BPS limit :
ξ(w) =
(
2
w + 1
)3/2
. (33)
As we have demonstrated elsewhere [19] and will expose below, this simple fully
explicit form has a transparent group theoretical interpretation in terms of the
Lorentz group.
5 The Lorentz group and the heavy quark limit
of QCD
Hadrons with one heavy quark such that mQ >> ΛQCD can be thought as a bound
state of a light cloud in the color source of the heavy quark. Due to its heavy mass,
the latter is unaffected by the interaction with soft gluons.
In this approximation, the decay of a heavy hadron with four-velocity v into
another hadron with velocity v′, for example the semileptonic decays B → D(∗)ℓνℓ
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or Λb → Λcℓνℓ, occurs just by free heavy quark decay produced by a current, and
rearrangement of the light cloud to follow the heavy quark in the final state and
constitute the final heavy hadron.
The dynamics is contained in the complicated light cloud, that concerns long
distance QCD and is not calculable from first principles. Therefore, one needs to
parametrize this physics through form factors, the IW functions.
The matrix element of a current between heavy hadrons containing heavy quarks
Q and Q′ can thus be factorized as follows [11, 17]
< H ′(v′), J ′ m′|JQ′Q(q)|H(v), J m > = < 1
2
µ′, j′M ′|J ′m′ >< 1
2
µ, jM |Jm >
× < Q′(v′), 1
2
µ′|JQ′Q(q)|Q(v), 1
2
µ >< cloud, v′, j′,M ′|cloud, v, j,M > , (34)
where v, v′ are the initial and final four-velocities, and j, j′, M , M ′ are the angular
momenta and corresponding projections of the initial and final light clouds.
The current affects only the heavy quark, and all the soft dynamics is contained
in the overlap between the initial and final light clouds < v′, j′,M ′|v, j,M >, that
follow the heavy quarks with the same four-velocity. This overlap is independent of
the current heavy quark matrix element, and depends on the four-velocities v and
v′. The IW functions are given by these light clouds overlaps.
An important hypothesis has been done in writing the previous expression,
namely neglecting hard gluon radiative corrections.
As we will make explicit below, the light cloud belongs to a Hilbert space, and
transforms according to a unitary representation of the Lorentz group. Then, as
we have shown[17], the whole problem of getting rigorous constraints on the IW
functions amounts to decompose unitary representations of the Lorentz group into
irreducible ones. This allows to obtain, for the IW functions, general integral for-
mulas in which the crucial point is that the measures are positive.
In [17] we did treat the case of a light cloud with angular momentum j = 0 in
the initial and final states, as happens in the baryon semileptonic decay Λb → Λcℓνℓ.
The sum rule method exposed above is completely equivalent to the method
based on the Lorentz group, as demonstrated in ref [17].
Ignoring spin complications, the IW function writes then simply (e.g. in the
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special case j = 0) :
ξ(v.v′) = < U(Bv′)φ0|U(Bv)φ0 > , (35)
where Bv and Bv′ are the corresponding boosts.
One can easily get a physical picture of why the Lorentz group plays an essential
role as far as the Isgur-Wise function is concerned. In the limit in which factorization
holds, i.e. switching off the hard gluon radiative corrections between the heavy
quark and the light cloud, the heavy quark of initial velocity v is strucked by a
weak current - a hard process - and the deviated final heavy quark gets a different
velocity v′. The factorization means that, because of confinement - a soft process -,
the light cloud unchanged state, after the heavy quark is strucked by the current,
must be expanded in terms of eigenstates of the Hamiltonian corresponding to the
four-velocity v′. This picture corresponds to the so-called ”approximation soudaine”
[16]. Therefore, the overlap of the light cloud before and after the interaction with
the current, < cloud, v′|cloud, v >, is constrained only by its quantum numbers and
by kinematics.
The crucial point is that the states of the light component make up a Hilbert
space in which acts a unitary representation of the Lorentz group. In fact, this is
more or less implicitly stated, and used in the literature[11].
To see the point more clearly, let us go into the physical picture which is at the
basis of (35). Considering first a heavy hadron at rest, with velocity v0 = (1, 0, 0, 0)
its light component is submitted to the interactions between the light particles,
light quarks, light antiquarks and gluons, and to the external chromo-electric field
generated by the heavy quarks at rest. This chromo-electric field does not depend
on the spin µ of the heavy quark nor on its mass. We shall then have a complete
orthonormal system of energy eigenstates |v0, j,M > of the light component, where
j and M are the angular momentum quantum numbers, < v0, j
′,M ′, α′|v0, j,M >
= δj,j′δM,M ′
Now, for a heavy hadron moving with a velocity v, the only thing which changes
for the light component is that the external chromo-electric field generated by the
heavy quark at rest is replaced by a chromo-electromagnetic field generated by the
heavy quark moving with velocity v. Neither the Hilbert space describing the pos-
sible states of the light component, nor the interactions between the light particles,
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are changed. We shall then have a new complete orthonormal system of energy
eigenstates |v, j,M > in the same Hilbert space. Then, because the colour fields
generated by a heavy quark for different velocities are related by Lorentz transfor-
mations, we may expect that the energy eigenstates of the light component will, for
various velocities, be themselves related by Lorentz transformations acting in their
Hilbert space.
6 From a Lorentz representation to Isgur-Wise
functions
For half-integer spin j, as is the case of the ground state mesons jP = 1
2
−
, the
polarization tensor is a Rarita-Schwinger tensor-spinor ǫ
µ1,...µj−1/2
α subject to the con-
straints of symmetry, transversality and tracelessness vµǫ
µ,...µj−1/2
α = 0, gµν ǫ
µ,ν...µj−1/2
α =
0 and (/v)αβǫ
µ1,...,µj−1/2
β = 0, (γµ1)αβǫ
µ1,...,µj−1/2
β = 0 , Then a light cloud scalar product
< v′, j′, ǫ′|v, j, ǫ > , (36)
that gives the IW function, is a covariant function of the vectors v and v′ and of the
tensors (or tensor-spinors) ǫ′∗ and ǫ, bilinear with respect to ǫ′∗ and ǫ, and the IW
functions, functions of the scalar v.v′, are introduced accordingly.
The covariance property of the scalar products is explicitly expressed by the
equality
< Λv′, j′,Λǫ′|Λv, j,Λǫ > = < v′, j′, ǫ′|v, j, ǫ > , (37)
valid for any Lorentz transformation Λ, with the transformation of a tensor-spinor
given by
(Λǫ)
µ1,...,µj−1/2
α = Λ
µ1
ν1 ...Λ
µj−1/2
νj−1/2D(Λ)αβ ǫ
ν1,...,νj−1/2
β . (38)
Then, let us define the operator U(Λ), in the space of the light cloud states, by
U(Λ)|v, j, ǫ > = |Λv, j,Λǫ > , (39)
where here v is a fixed, arbitrarily chosen velocity. Eq. (37) implies that U(Λ) is a
unitary operator, as demonstrated in ref. [17].
A unitary representation of the Lorentz group emerges thus from the usual treat-
ment of heavy hadrons in the heavy quark theory. For the present purpose, we need
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to go in the opposite way, namely, to show how, starting from a unitary representa-
tion of the Lorentz group, the usual treatment of heavy hadrons and the introduction
of the IW functions emerges. What follows is not restricted to the j = 1
2
case, but
concerns any IW function.
So, let us consider some unitary representation Λ→ U(Λ) of the Lorentz group,
or more precisely of the group SL(2, C), in a Hilbert spaceH, and we have to identify
states in H, depending on a velocity v. As said in [17], we have in H an additional
structure, namely the energy operator of the light component for a heavy quark at
rest, with v0 = (1, 0, 0, 0). Since this energy operator is invariant under rotations,
we consider the subgroup SU(2) of SL(2, C). By restriction, the representation in
H of SL(2, C) gives a representation R → U(R) of SU(2), and its decomposition
into irreducible representations of SU(2) is needed. We then have the eigenstates
|v0, j,M > of the energy operator, classified by the angular momentum number
j of the irreducible representations of SU(2), and associated with the rest velocity
v0, since their physical meaning is to describe the energy eigenstates of the light
component for a heavy quark at rest.
We need now to express the states |v, j, ǫ > in terms of the states |v0, j,M >. We
begin with v = v0. For fixed j and α, the states |v0, j,M > are, for −j ≤ M ≤ j, a
standard basis of a representation j of SU(2) :
U(R) |v0, j,M > =
∑
M ′
DjM ′,M(R) |v0, j,M ′ > , (40)
where the rotation matrix elements DjM ′,M are defined by
DjM ′,M = < j,M
′|Uj(R)|j,M > . (41)
On the other hand, the states |v0, j, ǫ > constitute, when ǫ goes over all polar-
ization tensors (or tensor-spinors), the whole space of a representation j of SU(2).
As emphasized in [17], the representation of SU(2) in the space of 3-tensors (or
3-tensor-spinors) is not irreducible, but contains the irreducible subspace of spin j,
which is precisely the polarization 3-tensor (or 3-tensor-spinor) space selected by
the other constraints.
We may then introduce a standard basis ǫ(M), −j ≤ M ≤ j, for the SU(2)
representation of spin j in the space of polarization 3-tensors (or 3-tensor-spinors).
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As demonstrated in [17], for any Lorentz transformation Λ we must have
|v, j, ǫ > =
∑
M
(Λ−1ǫ)M U(Λ)|v0, j,M > , (42)
for Λ such that Λv0 = v, with v0 = (1, 0, 0, 0).
Equation (42) is our main result here, defining, in the Hilbert space H of a
unitary representation of SL(2, C), the states |v, j, ǫ > whose scalar products define
the IW functions, in terms of |v0, j,M > which occur as SU(2) multiplets in the
restriction to SU(2) of the SL(2, C) representation.
7 Irreducible unitary representations of the Lorentz
group and their decomposition under rotations
7.1 Explicit form of the principal series of irreducible uni-
tary representations of the Lorentz group
Following Na¨ımark [18], we have exposed in [17] an explicit form of the irreducible
unitary representations of SL(2, C). Their set X is divided into three sets, the set
Xp of representations of the principal series, the set Xs of representations of the
supplementary series, and the one-element set Xt made up of the trivial representa-
tion. Actually, for the j = 1
2
case, only the principal series is relevant, and we now
consider the principal series, leaving j completely general.
A representation χ = (n, ρ) in the principal series is labelled by an integer n ∈ Z
and a real number ρ ∈ R. Actually, the representations (n, ρ) and (−n,−ρ) (as
given below) turn out to be equivalent so that, in order to have each representation
only once, n and ρ will be restricted as follows :
n = 0 , ρ ≥ 0 ,
n > 0 , ρ ∈ R . (43)
The Hilbert space Hn,ρ is made up of functions of a complex variable z with the
standard scalar product
< φ′|φ > =
∫
φ′(z) φ(z) d2z . (44)
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with the measure d2z in the complex plane being simply d2z = d(Rez)d(Imz), and
therefore Hn,ρ = L2(C, d2z).
The unitary operator Un,ρ(Λ) is given by :
(Un,ρ(Λ)φ)(z) =
(
α− γz
|α− γz|
)n
|α− γz|2iρ−2 φ
(
δz − β
α− γz
)
, (45)
where α, β, γ, δ are complex matrix elements of Λ ∈ SL(2, C) :
Λ =
 α β
γ δ
 , αδ − βγ = 1 . (46)
7.2 Decomposition under the rotation group
Next we need the decomposition of the restriction to the subgroup SU(2) of each
irreducible unitary representation of SL(2, C).
Since SU(2) is compact, the decomposition is by a direct sum so that, for each
representation χ ∈ X we have an orthonormal basis φχj,M of Hχ adapted to SU(2).
Having in mind the usual notation for the spin of the light component of a heavy
hadron, here we denote by j the spin of an irreducible representation of SU(2). It
turns out [17] that each representation j of SU(2) appears in χ with multiplicity 0
or 1, so that φχj,M needs no more indices, and the values taken by j are integer and
half-integer numbers. For fixed j, the functions φχj,M , −j ≤M ≤ j are choosen as a
standard basis of the representation j of SU(2).
It turns out [17] that the functions φχj,M(z) are expressed in terms of the rotation
matrix elements DjM ′,M defined by (41). A matrix R ∈ SU(2) being of the form
R =
 a b
−b a
 , |a|2 + |b|2 = 1 . (47)
we shall also consider DjM ′,M as a function of a and b, satisfying |a|2 + |b|2 = 1.
We can now give explicit formulae for the orthonormal basis φχj,M of Hχ.
The spins j which appear in a representation χ = (n, ρ) are [18, 17] :
all integers j ≥ n
2
for n even , (48)
all half − integers j ≥ n
2
for n odd . (49)
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and such a spin appears with multiplicity 1.
The basis functions φn,ρj,M(z) are given by the expression [17]
φn,ρj,M(z) =
√
2j + 1√
π
(1 + |z|2)iρ−1Djn/2,M
(
1√
1 + |z|2 ,−
z√
1 + |z|2
)
, (50)
or, using the explicit formula for Djn/2,M ,
φn,ρj,M(z) =
√
2j + 1√
π
(−1)n/2−M
√
(j − n/2)!(j + n/2)!
(j −M)!(j +M)! (1 + |z|
2)iρ−j−1
∑
k
(−1)k
 j +M
k
 j −M
j − n/2− k
 zn/2−M+k zk , (51)
where the range for k is limited to 0 ≤ k ≤ j − n
2
due to the binomial factors.
8 Irreducible Isgur-Wise functions for j = 12
We are interested now in the ground state meson case j = 1
2
[19], for which from
(43)(49) one has a fixed value for n
j =
1
2
⇒ n = 1 , ρ ∈ R . (52)
Deleting from now on the fixed indices j = 1
2
and n = 1, and particularizing the
explicit formula (51) to this case, we have :
φρ
+ 1
2
(z) =
√
2
π
(
1 + |z|2)iρ− 32 , φρ
− 1
2
(z) = −
√
2
π
z
(
1 + |z|2)iρ− 32 . (53)
Let us now particularize the SL(2, C) matrix (46) to a boost in the z direction :
Λτ =
 e τ2 0
0 e−
τ
2
 , w = cosh(τ) . (54)
and following the j = 0 case studied at length in ref. [17] let us consider the objects
ξ
± 1
2
,± 1
2
ρ (w) = < φ
ρ
± 1
2
|Uρ(Λτ)φρ± 1
2
> . (55)
From the transformation law (45) and the explicit form (53), one gets :(
Uρ(Λτ )φ
ρ
+ 1
2
)
(z) =
√
2
π
e(iρ−1)τ
(
1 + e−2τ |z|2)iρ− 32 ,
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(
Uρ(Λτ )φ
ρ
− 1
2
)
(z) = −
√
2
π
e(iρ−1)τ e−τz
(
1 + e−2τ |z|2)iρ− 32 . (56)
and from these expressions one obtains :
ξ
+ 1
2
,+ 1
2
ρ (w) =
2
π
∫ (
1 + |z|2)−iρ− 32 e(iρ−1)τ (1 + e−2τ |z|2)iρ− 32 d2z ,
ξ
− 1
2
,− 1
2
ρ (w) =
2
π
∫
e−τ |z|2 (1 + |z|2)−iρ− 32 e(iρ−1)τ (1 + e−2τ |z|2)iρ− 32 d2z . (57)
We must now extract the Lorentz invariant Isgur-Wise function ξ(w). To do
that, we must decompose into invariants the matrix elements (57) using the spin 1
2
spinors of the light cloud u± 1
2
. Since we have not introduced parity in our formalism
we will have the following decomposition :
ξ
± 1
2
,± 1
2
ρ (w) =
(
u± 1
2
(v′)u± 1
2
(v)
)
ξρ(w) +
(
u± 1
2
(v′)γ5u± 1
2
(v)
)
τρ(w) , (58)
where ξρ(w) is an irreducible 1
2
− → 1
2
−
elastic IW function, labelled by the index ρ,
and τρ(w) is a function corresponding to the flip of parity 1
2
− → 1
2
+
.
One gets for the spinor bilinear
u+ 1
2
(v′)u+ 1
2
(v) = u− 1
2
(v′)u− 1
2
(v) =
√
w + 1
2
, (59)
and since u+ 1
2
(v′)γ5u+ 1
2
(v) = −u− 1
2
(v′)γ5u− 1
2
(v),
ξρ(w) =
√
2
w + 1
1
2
[
ξρ
+ 1
2
,+ 1
2
(w) + ξρ
− 1
2
,− 1
2
(w)
]
, (60)
one obtains finally :
ξρ(w) =
1
1 + cosh(τ)
1
sinh(τ)
4
4ρ2 + 1
[
sinh
(τ
2
)
cos(ρτ) + 2ρ cosh
(τ
2
)
sin(ρτ)
]
.
(61)
This is the expression for the elastic 1
2
− → 1
2
−
irreducible Isgur-Wise functions
we were looking for, parametrized by the real parameter ρ that labels the irreducible
representations. The irreducible IW functions satisfy
ξρ(1) = 1 . (62)
Like in the case j = 0, analized in great detail in [17], the elastic 1
2
− → 1
2
−
IW
function ξ(w) will be given by the integral over a positive measure dν(ρ) :
ξ(w) =
∫
]−∞,∞[
ξρ(w) dν(ρ) , (63)
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where the measure is normalized acording to∫
]−∞,∞[
dν(ρ) = 1 . (64)
Notice that the range for the parameter ρ that labels the irreducible representations
follows from the fact that in the j = 1
2
case one has n = 1 and ρ ∈ R, eq. (52).
Notice also that the IW irreducible function (61) is even in ρ, ξρ(w) = ξ−ρ(w).
The irreducible IW functions (61), parametrized by some fixed value of ρ = ρ0,
are legitimate IW functions since the corresponding measure is given by a delta
function,
dν(ρ) = δ(ρ− ρ0) dρ . (65)
In the case of the irreducible representation ρ0 = 0 one finds
ξ0(w) =
4 sinh
(
τ
2
)
(1 + cosh(τ)) sinh(τ)
=
(
2
1 + w
) 3
2
, (66)
that saturates the lower bound for the slope −ξ′(1) ≥ 3
4
. This is the so-called BPS
limit of the IW function, considered in Section 4 within the Sum Rule approach,
where we have seen that in the limit −ξ′(1)→ 3
4
one obtains ξ(w)→ ξ0(w).
9 Integral formula for the IW function ξ(w) and
polynomial expression for its derivatives
From the norm and the normalization of the irreducible IW functions one gets the
correct value of the IW function at zero recoil ξ(1) = 1. The integral formula writes,
explicitly,
ξ(w) =
1
1 + cosh(τ)
1
sinh(τ)
×
∫
]−∞,∞[
4
4ρ2 + 1
[
sinh
(τ
2
)
cos(ρτ) + 2ρ cosh
(τ
2
)
sin(ρτ)
]
dν(ρ) . (67)
from which one can find the following polynomial expression for its derivatives :
ξ(n)(1) = (−1)n 1
22n(2n+ 1)!!
n∏
i=1
〈[
(2i+ 1)2 + 4ρ2
]〉
(n ≥ 1) . (68)
where the mean value is defined as 〈f(ρ)〉 = ∫
]−∞,∞[
f(ρ) dν(ρ). This formula can
be demonstrated along the same lines as the corresponding one in the baryon case
done in Appendix D of ref. [17].
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10 Lower bounds on the derivatives of the IW
function
From (68) one gets immediately the lowest bounds on the derivatives (24) obtained
using the SR approach.
To get improved bounds on the derivatives we must, like in [17], express the
derivatives in terms of moments of the positive variable ρ2, that can be read from
(68). Calling the moments :
µn = < ρ
2n > ≥ 0 (n ≥ 0) , (69)
one gets the successive derivatives in terms of moments :
ξ(1) = µ0 = 1, ξ
′(1) = −
(
3
4
+
1
3
µ1
)
, ξ′′(1) =
15
16
+
17
30
µ1 +
1
15
µ2, ... (70)
The relations (70) can be solved step by step, and the moment µn is expressed
as a combination of the derivatives ξ(1), ξ′(1),... ξ(n)(1) :
µ0 = ξ(1) = 1, µ1 = −3
4
[3 + 4ξ′(1)] , µ2 =
3
16
[27 + 136ξ′(1) + 80ξ′′(1)] , ... (71)
Since ρ2 is a positive variable, one can obtain improved bounds on the derivatives
from the following set of constraints. For any n ≥ 0, one has [17]
det [(µi+j)0≤i,j≤n] ≥ 0, det [(µi+j+1)0≤i,j≤n] ≥ 0 . (72)
Since each moment µk is a combination of the derivatives ξ(1), ξ
′(1),... ξ(k)(1),
the constraints on the moments translate into constraints on the derivatives. Using
(72) one gets positivity conditions of the form
µ1 ≥ 0, det
 1 µ1
µ1 µ2
 = µ2 − µ21 ≥ 0, ... (73)
that imply
µ1 ≥ 0, µ2 ≥ µ21, ... (74)
These constraints imply, in terms of the derivatives :
− ξ′(1) ≥ 3
4
, ξ′′(1) ≥ 1
5
[−4ξ′(1) + 3ξ′(1)2] , ... (75)
We see that we recover the bounds obtained using the SR method. The method
generalizes in a straightforward way to higer derivatives.
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11 Inversion of the integral representation of the
IW function
Let us now show that the integral formula for the IW function (67) can be inverted,
giving the positive measure dν(ρ) in terms of the IW function ξ(w). This will allow
to formulate criteria to test the validity of a given phenomenological ansatz for ξ(w).
Let us define
ξ̂(τ) = (cosh(τ) + 1) sinh(τ)ξ(cosh(τ)) . (76)
and similarly for ξ̂ρ(τ).
The integral formula then writes
ξ̂(τ) =
∫
ξ̂ρ(τ)dν(ρ) =
∫
(cosh(τ) + 1) sinh(τ)ξρ(cosh(τ))dν(ρ) . (77)
One finds, for its derivative, the simple expression :
d
dτ
ξ̂ρ(τ) = 2 cos(ρτ) cosh
(τ
2
)
. (78)
Defining the function
η(τ) =
1
2 cosh
(
τ
2
) d
dτ
ξ̂(τ) , (79)
one sees that the integral formula reads simply
η(τ) =
∫
]−∞,∞[
cos(ρτ)dν(ρ) , (80)
Computing the Fourier transform
η˜(ρ) =
1
2π
∫ +∞
−∞
eiτρ dτ η(τ) =
∫
]−∞,∞[
1
2
[δ(ρ′ + ρ) + δ(ρ′ − ρ)] dν(ρ′) , (81)
and defining the function
µ(ρ) =
dν(ρ)
dρ
, (82)
one finds
η˜(ρ) =
1
2
[µ(ρ) + µ(−ρ)] . (83)
We now assume that the general measure dν(ρ) is even, i.e. it has the same
parity as the measure dρ, without loss of generality because ξρ(w) is even in ρ.
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Then, the function (82) is even µ(ρ) = µ(−ρ) and one finally finds for the measure
dν(ρ) = η˜(ρ)dρ :
dν(ρ) =
1
2π
∫ +∞
−∞
eiτρ dτ
1
2 cosh
(
τ
2
) d
dτ
[(cosh(τ) + 1) sinh(τ)ξ(cosh(τ))] dρ . (84)
This completes the inversion of the integral representation. Equation (84) is the
master formula expressing the measure in terms of the Isgur-Wise function.
One can apply this formula to check if a given phenomenological formula for the
IW function ξ(w) satisfies the constraint that the corresponding measure dν(ρ) must
be positive. This provides a powerful consistency test for any proposed ansatz.
12 An upper bound on the Isgur-Wise function
From the integral formula also an upper bound on the whole IW function ξ(w) can
be obtained. Defining the function
ηρ(τ) =
1
2 cosh
(
τ
2
) d
dτ
ξ̂ρ(τ) , (85)
we have obtained above :
ηρ(τ) = cos(ρτ) , (86)
and from it it follows
− 1 ≤ ηρ(τ) ≤ 1 , (87)
and hence
− 2 cosh
(τ
2
)
≤ d
dτ
ξ̂ρ(τ) ≤ 2 cosh
(τ
2
)
. (88)
Integrating this inequality from 0, one gets :
− 4 sinh
(τ
2
)
≤ ξ̂ρ(τ) ≤ 4 sinh
(τ
2
)
, (89)
and since
ξ̂0(τ) = 4 sinh
(τ
2
)
, (90)
one finds the inequalities
− ξ̂0(τ) ≤ ξ̂ρ(τ) ≤ ξ̂0(τ) , (91)
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that simplify to :
− ξ0(τ) ≤ ξ(τ) ≤ ξ0(τ) . (92)
Since ξ0(τ) is given by the expression (66), one finally obtains
|ξ(w)| ≤
(
2
1 + w
) 3
2
. (93)
This inequality is a strong result because it holds for any value of w.
13 Consistency tests for any ansatz of the Isgur-
Wise function : phenomenological applications
To illustrate the methods exposed above, we now examine some phenomenological
formulas proposed in the literature. In ref. [19] we have studied a number of other
interesting cases.
We will compare these ansatze with the theoretical criteria that we have formu-
lated : the lower bounds on the derivatives at zero recoil, the upper bound obtained
for the whole IW function, and the inversion of the integral formula for the IW
function in order to check the positivity of the measure.
We must underline that the satisfaction of the bounds on the derivatives and
of the upper bound on the whole IW function are necessary conditions, while the
criterium of the positivity of the measure is a necessary and sufficient condition to
establish if a given ansatz of the IW function satisfies the Lorentz group criteria.
13.1 The exponential ansatz
This form corresponds to the non-relativistic limit for the light quark with the
harmonic oscillator potential [20] :
ξ(w) = exp [−c(w − 1)] . (94)
The bound for the slope is satisfied for c ≥ 3
4
, the bound for the second derivative
is satisfied for c ≥ 2, while the bound for the third derivative is violated for any
value of c. Therefore, this phenomenological ansatz on the IW function is invalid.
The exponential ansatz satisfies nevertheless the upper bound (93).
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Let us now examine the criterium based on the positivity of the measure. One
needs to compute
η(τ) =
1
c
(
− d
2
dτ 2
+
1
4
)
cosh
(τ
2
)
exp [−c(cosh(τ)− 1)] . (95)
The function η(τ) is bounded for any value of c. The Fourier transform of this
function gives
dν(ρ) =
ec
2π
1
c
(
ρ2 +
1
4
)[
Kiρ+ 1
2
(ρ) +K−iρ+ 1
2
(ρ)
]
dρ . (96)
Since this function is not positive for any value of c, the exponential ansatz for the
IW function violates the consistency criteria exposed above.
13.2 The ”dipole”
The following shape has been proposed in the literature (see for example [21, 22])
ξ(w) =
(
2
1 + w
)2c
. (97)
The bounds for the slope and for the higher derivatives are satisfied for c ≥ 3
4
.
Let us now compute the measure (84). One needs first to compute
η(τ) = −4(c− 1)
[
cosh
(τ
2
)]−4c+3
+ (4c− 3)
[
cosh
(τ
2
)]−4c+1
. (98)
Since η(τ) has to be bounded, the parameter c must satisfy c ≥ 3
4
.
Moreover, we realize that in the particular case
c =
3
4
→ η(τ) = 1 → dν(ρ) = δ(ρ) dρ . (99)
Therefore, one gets in this case a delta-function for the measure. This is a positive
measure that corresponds to the explicit formula (66) for the IW function in the
BPS limit.
For c > 3
4
one obtains a function η(τ) that is bounded and integrable. Computing
its Fourier transform one gets the measure
dν(ρ) =
24c−1
2π
(4c− 3)
(
ρ2 +
1
4
)
Γ
(
iρ+ 2c− 3
2
)
Γ
(−iρ+ 2c− 3
2
)
Γ (4c− 1) dρ , (100)
that is positive.
In conclusion, the measure dν(ρ) for the ”dipole” ansatz is positive for c ≥ 3
4
and therefore satisfies all the consistency criteria.
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14 Conclusion
We have reviewed a number of important works by Nikolai Uraltsev on Sum Rules
in the heavy quark limit of QCD.
We have generalized Bjorken and Uraltsev SR to higher derivatives and we have
formulated lower bounds on the successive derivatives of the Isgur-Wise function
ξ(w). We have also obtained an explicit form for the IW function in the ”BPS
limit” considered by N. Uraltsev.
On the other hand, the Lorentz group acting on the light cloud provides a trans-
parent physical interpretation of the results obtained from the SR. Both methods
are completely equivalent.
Within the Lorentz group method we have obtained an integral formula for the
IW function in terms of an explicit kernel and a positive measure.
From this representation we have reproduced the bounds on the derivatives of
the IW function from positivity conditions on moments of a positive variable.
On the other hand, we have inverted the integral formula expressing the positive
measure in terms of any given ansatz of the IW function.
As a consence, the ”BPS limit” for the IW function obtained from the SR method
turns out to have a clear group theoretical interpretation : the positive measure is
just a δ-function, and the cloud ground state belongs to a particular irreducible
representation of SL(2, C).
Some phenomenological proposals for the shape of the Isgur-Wise function have
been compared with the theoretical constraints obtained in this paper.
These different shapes provide illustrations of the method in a rather complete
way. The different criteria based on the Lorentz group, i.e. lower limits on the
derivatives at zero recoil, positivity of the measure in the inversion formula for the
IW function and the upper bound for the whole IW function, have been illustrated.
A main conclusion is that, using a method based on the Lorentz group, com-
pletely equivalent to the one of generalized Bjorken-Uraltsev sum rules, one obtains
strong constraints on the Isgur-Wise function for the ground state mesons.
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